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ABSTRACT — A discrepancy between the formula for the correlation
energy of a many-fermion system derived by the conventional random phase
approximation (RPA) method and the corresponding expression derived by
summation of perturbation theory bubble diagrams is investigated.

It is shown that this discrepancy is absent from a simplified version
of the RPA dealing only with collective excitations. As an example, the new
version of the RPA is applied, with good results, to the electron gas.

(*) Based on a lecture given at the Seminar on Physical Theories and Nuclear
Physics, Instituto de Alta Cultura, Lisbon.
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1 — INTRODUCTION

In this article we will develop some ideas which we have already
presented, in a condensed form, in a previous publications (1). A more
detailed account of the results of ref. 1 will also be given here. We discuss
a type of discrepancy which may appear in calculations of correlation
effects based on the random phase approximation (RPA). It is well
known that an expression for the correlation energy of a many-fermion
system arises naturally in the diagonalization of an effective boson
hamiltonian obtained by the procedure which we now describe. Let

1
H=§.k“c,-+ c?--i—ggjv,m,cf ¢t ey, (1.1)
L i

be the hamiltonian of some system. The ¢;", ¢; are fermion operators.
We denote by the letters a, b, ¢, ... occupied single particle states in
the Hartree-Fock ground state |0 > of our system and we denote by
m,n, P, ... non-occupied single particle states. A standard procedure (2)
for arriving at the RPA is to replace pairs of fermion operators ¢; ¢,
by true boson operators B, ,

¢tec,—> B

[Busr» Buis1=0, [Bys, Bh]1=28,, 3, - (1.2)

One then replaces the Hartree-Fock state |O> by the boson
vacuum |0 > and finally one replaces the hamiltonian H by a new
hamiltonian Hy, quadratic in the boson operators, which one requires
to be equivalent to H in the sense that

<O|Hcyc,|0> = <O|Hy B;,|0>,
<0|Gt e Het 6,05 = <O| By Hy B 0>,
<O|Hcteere,|0>=<O|HygBL B, |0>. (1.3)
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We then have (2)
Hy=Ey;+ E (e—2:) Bora B
+ 2 (Van, mb— Van, sm) B
+ ‘é‘ 2 Wasino— Pogvand BaiB (1.4)

1

+ E E (Umn,urb mn ba) B+ B+

where the ¢; are Hartree-Fock single particle energies,
+ E Via Jja u a;') = 8§ sl'_f ’ (15)

and Ey, is the Hartree-Fock ground state energy. The new hamil-
tonian can be diagonalized by a cannonical transformation

= X(X, B, + V¥ B

(1.6)
[0" es] = ’ [a!’ } GS+] = srx "
Indeed, H, attains the form
HB=EHF+E¢:+Z"’rB:—Or ’ (L.7)

provided the amplitudes XV, Y satisfy the eigenvalue equations

(Em T F.‘a) Xi;?‘l + %" [(vmb. an vm.b, ﬂﬂ) ‘Yszrb)
= (vmn. ab Uma. ba) Yslg ] =, Xf;!:
(Em —Ea) YE;L + % [(Uem, mh .m bm) YW

_'(vab,mn_vub, um) Xs:g] =0, Y:(;)a y

(1.8)

The quantities o, are excitation energies and E, is the correlation
energy. As a by product of the diagonalization of H, one obtains the
following expression for E,

1 1
:;Zmr_?Z(Em_ga-{_vam,m_vm.am)' (19)
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Now this equation overestimates, by an ammount equal to the second
order energy, the correlation energy obtained by summing the so called
bubble diagrams. Indeed, the perturbation theory result is (3)

am, am)

1 1
Ec,PT = _2" Emr_'_é_ E(Em—ea+ vam,ma—v
(1.10)

o 1 Z yub. mn (vmn,ab'_'vmn. ba}
2 abmn e, + g,—e,—e,

We wish to investigate the discrepancy between eqs. (1.9) and (1.10).
This discrepancy shows the RPA derivation of the correlation energy
to be unsatisfactory. We must conclude therefore that some of the
RPA assumptions are violated, i.e., some of the quantities

S XL oF o Vil eked
must fail to behave as boson operators. It has been conjectured that
this discrepancy could be remedied by discarding the non-collective

RPA modes (4) since one expects only the collective modes to behave
as bosons. Then eq. (1.7) may be replaced by

H=H,,+ 2«) 0+ 0, (1.11)

where the summation extends only over collective modes and H,, s
intrinsic in the sense that it commutes with collective operators 6,.
The expectation values of H,, already includes the contribution
of the zero-point fluctuations of the collective modes to the correlation
energy. One expects that correlation effects associated with the intrin-
sic degrees of freedom may be taken care of by low order perturbation
theory, if necessary.

2. A VERSION OF THE RPA RESTRICTED TO COLLECTIVE
EXCITATIONS

If we apply eq. (1.9) to the electron gas we obtain a divergent
result. The divergency is removed by using eq. (1.10) instead of eq. (1.9).
Since the discrepancy between the two equations is infinite for the
electron gas, this system may be used as a convenient example to
investigate the source of that discrepancy.
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We develop now a version of the RPA dealing only with the
collective degrees of freedom having mainly in mind the electron gas.
The method may be easily extended to other systems and should be
free of the inconsistency of the conventional RPA under investigation.
A restricted RPA calculation dealing only with the collective degrees
of freedom has already been advocated by Holtzwarth (5) on different
grounds,

The electron gas hamiltonian may be written

H= kE(kzmm) ity Ch, st Yy X (2re?/ ¢

q=0 kK,s, s (21)

+ +
X Ct+¢.s ck‘~—q,s‘ ck‘,s’ Ct,s

where ¢, , is the annihilation operator for an electron of momentum k
and spin s. Let us consider the following operators, wich we will use to
create excited states,

Aq; s,:: s I\Iq 2 Ck +q,‘:. ck,s’ ’ (22)

kckp,lk+¢|>kF
where the normalization factor N, is determined by the condition
<O dyn i g Fl0>=1 ; (2.3)

These operators are obviously related to the density operators

N

te= Y oxp(—iq.x) (2.4)

=1

which play an important role in electron gas theory (6), but we may
also draw the inspiration for picking them up from an inspection of the
potential term in eq. (2.1). We note that the vacuum of the operators
Ag; . ¢ 1s the Hartree-Fock ground state [0 >,

Aguv|0>=0. (2.5)

The creation operators A], . generate states of nomentum q, when

acting on [0O>. Instead of the operators AJ, . we may consider
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operators A. . s, Wwhich generate states possessing definite spin
quantum numbers S, S, ,

A:;I:O = 2_”2(‘4:}14’2. 1/2 + Ar: -1/2, —1!2)

AT =A%t
q;1;1 9; 142, -1/2
A+ i (2.6)
q1;-1 — “lqi 12,12

+ __9-1/2 + +
Aq; 00— 2 (Aq‘. 12,1427 Aq: -1/2, —1,'2) .

However, for the sake of clarity, we will omit from now on the spin
quantum numbers, but we will take spin into account when perfor-
ming actual computations. We write, therefore, instead of egs. (2.2)
and (2.3),

A} =N, Y et otk (2.2))

q
E<kp, |[k+q|>kp
<0|4,47|0>=1. (2.3

We believe that the operators 4, are a good choice as boson operators
because, if we consider quantities such us

<O|A2(A})?|0>=2—N2, (2.7)

we find that the deviation from the ideal boson behaviour is very
small, N7 being of the order of the inverse of the number of particles.
If the A, were true boson operators the right hand side of eq. (2.7)
would be exactly 2.

It is now convenient to define the states

|lg>=A]|0>

| (2.8)
|91, @ >=AL 4] 0>, et
and to introduce the hamiltonian
i
Hy= Egs+ 2in, AT A,
i (2.9)

=)
todg (AT AL+ 4,4).
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This hamiltonian is equivalent to H, in the sense that

<0 |Hyz|9>=<O0|H|q9>,
<9|Hy|9>=<9q,|H|q,> (2.10)
<0 |Hg|9,,9,>=<O0|H|q,,9,>

provided

G =<9|H|9>—<O0|H|0> (2.1)
g8=<9,-9|H|0>. )

In the next section we will give explicit expressions for these
quantities. We remark that the operator Hy is a truncated Hamil-
tonian, appropriate only for the harmonic approximation. The full
equivalence between H and H, in the subspace spanned by the
vectors |0 >, |9>,]9,,9,>, ..., requires that anharmonic terms be
included in eq. (2.9). We try to bring H, to the diagonal form

by performing a cannonical transformation

0, =x,4,—y, 4%,

(2.13)
[q’ q]_o [01' e:[_‘s.e”
so that
—yi=1.
We arrive finally at the eigenvalue equations
Sq Xq T 8q¥Vq = ©g%q (2.14)
8q¥q 1 2qVq = — ©qYq
which determine the excitation energy
w,= (2 —g2) . (2.15)
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The correlation energy is given by
1
Eczzg(wq—sq). (2.16)
q

However, this correlation energy refers only to collective correlations
and not to intrinsic correlations. In order to evaluate intrinsic correla-
tions, an intrinsic hamiltonian may be introcuded by an equation
analogous to eq. (1.11), or better still, by the method of Villars (7),
but this refinement does not seem necessary because the intrinsic
correlations appear to be small. The numerical results which we
report in the next section show that eq. (2.16) does not suffer from
the defficiency of eq. (1.9).

We may observe, in passing, that eqs. (2.14) may also be obtained
in the context of Hartree-Fock time-dependent theory. Indeed, egs.
(2.14) determine the time evolution of the nonstationary Slater deter-
minant

@ () > = exp (gzq(t)A:\) 10>
where

Zg(t) = waexp (—i o t) + y_qexp (f o f) .

Imaginary values of o, reveal, therefore, instabilities of the Hartree-
-Fock state.

3. NUMERICAL RESULTS

We present now the results of the numerical calculation. It is
convenient to introduce the constant «=(4/9=)"® and to specify
the density of the electron gas through the mean square radius per
electron in units of the Bobr radius, 1. e., the parameter 7, = e m/[a k.,
where kg is the Fermi momentum. The final results may be expressed
in terms of the following sums

fg=N-1 “29‘ 1 (3.1)
o= @m | (V) S (k+9P—K)[2m (32)
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sy = —(dn e [V) klEEDq 1/ (k — k)2 (3.3)
ng= @] (VR (retfV) | 21—k (34)
o= @m (B (meV) | B 1 k—k—q® (35
g = (2 (VK | B (g — 0 (36)

In these expressions, N is the total number of electrons, V is the
normalization volume and D, is the set of values of k such
that k<kp, |k+q|>k;.

In terms of these quantities we may write down expressions
for ¢, and g, but now we must take into account the spin quantum
number S of the mode excited. Of course, S is either 0 or 1. We have

ters = (K5 [2m) ((tg + v5,— 0, ) | mg (3.7)
+ (1—3S5) (16/3 =) a7, k% nq/9%) (3.8)
8a;s = (K% [2m) (—u, + (1—S) (16/37) ar, ki ng[q%) (9)
B 5= (Eg:s_gz:s}”z
We now observe that
Vg = Uy, Vg, - (3.10)

We have, indeed

1) (k—k—qy

—ky, ky € Dg

= X 1(k—k—qp

k) < kp, ky € Dy

_ 2 1/(k,—k,—qp
M <hp,la—k| <hp, kg € Dy /i—%—1)
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= X 1/k—k—qp

k <kp, ko e Dq

2

- lk‘i"’“l{k!’"’;‘:*p-kzan 1/ (ky—ks) -
We also have
Zn k k)2
ky, ky € Dg 1/( 1 '-’)
= 2 k —k)\2
kl ‘:kF.kgqu 1/( 1 2)
= = 1/ (k,—k,)* .

ky < kp,|ky +a|l <hkp, ks € Dq

Subtracting these equations we finally prove eq. (3.10), which shows
that we need not compute v, and Vs separately, but only Vg, -
Our final expressions may be be written, introducing the new
variable x =g¢/k;,

1
(3.11)
1
= — if x>2
2
| H
by i A (3.12)

TFor x less than 2 we have computed Vo by reducing it to a double
integral which has been evaluated by the Monte Carlo method.
We have then titted the numerical results by a polynomial in #*.
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For x>2 the integrations were performed analytically. Our final
result is

v, = (3/2 %) ar, (0.10327 22— 0.017215 x*— 0.016558 x°

2q

+ 0.029059 x*— 0.017362 x'°40.0011048 x'240.0031108 x'*

—0.0014083 x'°+0.00024849 x'®—0.000016165 x*°) if x<2

=(3/2 %) urs[i—;--{-%- ¥+ (4/(3 %)) (%-sf—-s‘f-{wf)
(3.13)

X 1n (25, /%) 4+ (4/(3 %)) (% si—ks}}—si) 1n(2s, {x):l if x>2

where
s, =x/2+4+1,

32=x12—1 .

The correlation energy becomes finally

o 00

1
3 a2
E= % (25+1):] 2 g, s —¢q; 5) 4% . (3.14)
S=0 v

[

In fig. 1 we have plotted, as a function of 7., the total value of E,
and the contributions to E, from each S. We have also plotted, for
comparison, the results of Carr et al (8). The accuracy of our simpli-
fied calculation is remarkable. We have also found that for »,>9.6
the Hartree-Fock ground state is unstable (imaginary wvalues for
w,. s for low 9 and S=1). This indicates that for low densities the
anharmonic terms become important and should be added to eq.
(2.9). We also show in fig. 1, by the curve labeled «without exchange»,
the result of neglecting exchange terms, i. e, the result of setting
vy, = vy, =05, = 0. The value of E, obtained in this way is an
upperbound (9) to the ground state energy of Wentzel's model (10)
(meson-pair theory), which does not include exchange. The values
of E, without exchange are lower (larger in absolute value) than the
corresponding values of the correlation energy of Carr et al., in the
range of 7, considered. This is so because Carr et al. take exchange
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Fig. 2 — The correlation energy per unit of #, for r;=4
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into account and this contributes 40.046 Ry per electron to the
correlation energy. At low densities, the neglect of exchange in our
results provides an excellent approximation (11) to-the ground state
energy of Wentzel's hamiltonian.

In fig. 2 we plot, for », =4, the partial contribution to E,
from each x, per unit of x, i. e., we plot the integrand of eq. (3.14).
We also plot the partial contributions to the integrand of eq. (3.14)
from each S. Comparision of our results with the results of Hubbard
shows good agreement for x not very large. The curve labelled «without
exchange» has been obtained by neglecting exchange terms, i. e.,
by setting U, =T, =0y, =1 in our expressions. Exchange terms
tend to reduce the absolute value of the correlation energy
at low x. At high x the absolute value of the correlation energy is
increased by the exchange terms, but then the anharmonic terms
of the hamiltonian are probably important.

Finally we wish to emphasize that the present simplified calcula-
tion suggests a simple explanation for the discrepancy between eq.
(1.9) arising from conventional RPA, and eq. (1.10), arising from partial
summation of perturbation theory diagrams, namely, that the dis-
crepancy is due to the violation of the RPA assumptions by
noncollective RPA modes.
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