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ABSTRACT —Thermostatics may be based on the following principle of
equilibrium [1,5]:

Thermodynamic systems choose for equilibrium state that which minimizes
the internal energy.

This minimum must be thought as subject to constraints, so the problem of
finding the equilibrium state is one of minimization with constraints.

It is also said that this principle of minimum internal energy is equivalent
to a principle of maximum entropy, the equivalence being shown by physical
arguments. In this paper we present a rigorous demonstration of the equivalence
of these two principles as well as the conditions for its validity, based on the
theory of Lagrange multipliers.

1— LAGRANGE MULTIPLIERS

Before going directly into Thermostatics we shall present the
fundamental theorem of the theory of Lagrange multipliers [3, 4].
In what follows we assume all the functions to possess the required
continuity and differentiability properties.

Theorem 1 Let x e R", f:R" - R and Q the set defined by the
constraints g,: R" - R

ga(x)=0,a=1,...,m<n (1.1 a)

(*) Results presented at the Conference of the Portuguese Physics Society
(Lisbon, February 1978).
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Suppose X, affords a local minimum to f(x) in , and that
x, is normal, i.e., the matrix

(agt (xo)) (=250 B 8= 100 (1.1 b)

ix

has rank . Then there exist unique multipliers A,,..., A, such
that the function

F(x)=f(¥)+ L h, g (%) (1.1¢)

o=

is minimum at x,, i.e.,
m
vl:(xﬂ):vf(xo)-i_ 2 lavgm{xﬂJ :0 (11 d)
g=1

Furthermore the inequality
Pt s B) 0 (1.1 )
holds for all solutions % = 0 of the equations
Co (%0, B)=<V g, (%), h>=0,a=1,...,m (1.1
that is, for all %z tangent to .

(We are using the following notation :

f'(x, £) denotes the differential of f at # in the direction of %4
Vf(x) is the gradient of f at »

<.,.> represents the inner product and

| . | is the associated norm).

The numbers A;,..., A, are called Lagrange multipliers and the
function F(#) is known as the Lagrangean. The theorem presents
only the necessary conditions for the existence of the multipliers.
It is possible to show [3] that the condition

F" (25, 2)> 0 (1.2)

for all solutions %=~ 0 of (1.1 f) is sufficient for the existence of a
minimum.
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We may now return to Thermostatics proper, which assumes
that the state of perfect fluids [2,6] is determined by the values
of the specific entropy s, the specific volume v and mole frac-
tions #i,..., #, of the » chemical constituents of the fluid. The
specific internal energy # is also a state function. When the states
are homogeneous, the sole case treated in this paper, to minimize
the global internal energy of a system is equivalent to minimize the
specific internal energy at each of its points. Thus the equilibrium
states are those which minimize

H_—'IJ(S, U:J'l»"wy-") (13)

subject to appropriate constraints. Theorem 1 just presented yields a
technique to obtain this minimum and therefore the states of equi-
librium.

2 — PRINCIPLE OF RECIPROCITY

In this paragraph we show the following

Theorem 2. Let f, g, F, x, and A{,..., Ay be as in Theorem 1.
Suppose that the A's are not all zero. Therefore there exists a kg % 0
such that x, minimizes (if Ag>0) or maximizes (if hg<0) g5 (x)
subject to the following set of constraints:

Sf(x)=f(x0) (2.1a)
g,(x)=0 , a=1,..p—-1,BF1,...; m (2.1D)

The proof is easy. According to Theorem 1, the point x, minimizes
the Lagrangean

F(#)=F () + E0, £, (x) =k g, () +F(@) + BN, gu(x) (2.2 0)
a=1 a==f

Since by hypothesis lf, #+ 0 we may write

L P () =gy(x)+ S0 +E 2L g(x)  (2.2b)
£ lﬂ af=f 13

and because x, yields a minimum to F (x), VF (x,)=0
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Hence

0=-L-VF(x) =Yg, (x)+ V(%) + & Vg (xs) (2.90)
lﬁ a ?LB c.:,EB )"ﬁ

Put, for the sake of simplicity,

f(x)=g5(x) (2.3 a)
La(%) =g, (x) if aB (2.3 b)
ga(x)=f(2)~f(%,) (2.3 ¢)

and consequently

x

F#)=gs(0) +——[/(0)~f(5)]+ 5 g (s) @40
B az=p A

+

Expression (2.2 ¢) shows that F () is the Lagrangean and

Ne=—aLar (2.4 d)
A

A=1/28 (2.4 e)

the Lagrange multipliers of the extremization of £s(x) subject to
constraints (2.1).

It remains to discuss the sign of the second differential F/ (x,, ).
We must have now

F”(xm}z):%F”(z‘o,k)>0 (2.

[ &%)
ot
S—

for all 20 which are solutions of the equations /' (x,, £) =0 and
'z h)=0,a=1,...; -1, B+ 1;...,m (2.64a)b)

We have to prove that the 4's so obtained define the same set
as in (1.1°f).
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This can be done easily by noting that it x, is a minimum of
/(%) subject to constraints (1.1 a) one must have

[ (%o, ) = <v f(%), h>=0 (2.7a)

for all /% 4 O satisfying (1.1 a) Similarly in the second case we
have at x, the equations

8y (%0, k)= <vg,(%),h>=0 (2.7 b)

for all % = 0 satisfying (2.6 a, b). We see by inspection that the
two sets of equations differ only in the order the equations are
written and define thus the same #'s. Therefore the sign of F (x,, %)
is the same as " (x,, %) if A3 > 0 and the contrary if Ag <0, which
completes the proof.

We are in condition to apply the reciprocity principle to Ther-
mostatics. Consider the following problem: minimize

=B S O YyxrrnrF) (2.8 a)
subject to
=5, (2.8 b)

and eventually to other constraints which we omit now. According
to theorem 1 we must have that at equilibrium (which we denote by
the subscript o)

ot
') '(Soﬂ’asj’w;---, _Vm}+k“0 (2.9)

o8
and recalling the definition of absolute temperature T

dit

0s

Ve (55 O Fynre ) (2.10)

we see that the minimum of internal energy is equivalent to the
maximum of entropy if and only if

=0 (2.11)

The reciprocily principle in this case collapses at T =0. For sys-
tems with a negative temperature the minimum principle of internal
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energy is associated with a minimum principle of entropy, and
a maximum principle of entropy with a maximum principle of inter-
nal energy.

3 — INEQUALITY CONSTRAINTS

In the preceding paragraph we have concentrated on the variables
# and s to derive the reciprocity principle. When we observe other
variables as v and ys we recognize that they are by definition non-
-negative. Thus we must take this fact in due account when setting
the minimization or maximization problem. If constraints are given by
inequalities the theorem of Kuhn-Tucker applies [3,4]. Before presen-
ting this theorem some preliminary definitions are required.
Definition 3.1 Let the inequality constraints

Zalx) €0 5 a=L;iii;m (3.1)

be given. If gB(xa) =0 the Bth constraint is said to be active at x,.
If &g (x0) < 0 the Bth constraint is said to be inactive at x,.

Definition 3.2 Let Q be the set of points x satisfying
£.(x)<0,a=1,...,p;g,(x)=0,B=p+1,..,m (3.2a,b)

A point x, is regular if every outer normal z of Q at x, is expressible
in the form

w= 3D NV, (x0) (3.2 ¢)

a=1

where A,..., A, are non-negative and A, =0 wherever g,(x,) <0 ,
i.e., the ath constraint is inactive.

We are in condition to give the following

Theorem 3. Suppose x, yields a local minimum to f(x) on the set
Q defined by the constraints
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2,(x)<0,a=1,...,p; g(x)=0,B=p+1,...,m

If x,is a regular point of Q then there exist multipliers 4, .
that

A >0,a=1,...,pwithk, =0if g,(x,)<0

and such that the function

m

I"(x):ffx)+ ‘\E 1ag¢{x)

=1
is a minimum at x,,i.e.,
VF (x,)=0

and
F" (x0,2)>0

for all 2 == O satisfying the relations:
g'alx,h) <Oif ais active and A, =0

gy (x,k) = 0if a is active and X, >0
g'alx,, k) = 0if « is inactive

We are now in position to solve the following problem:

w=u(s, v, y1,..., ,) subject to the constraints:
s—s5,=0
v <0
v—b<0

(3.3 a)

..y hy such

(3.3 b)

(3.3 ¢)

(3.34d)

(3.3 e)

(3.3 1)

(3.3 g)
(3.3 h)

minimize

(3.4 a)
(3.4 b)
(3.4 ¢)
(3.4.d)
(3.4 ¢)

Constraint (3.4 a) specifies the value of the entropy and constraint
(3.4 b) assures us that the solution of the above problem will not

yield negative values for the volume. Constraint (3.4 c)is

introduced

here because for perfect fluids the volume is not specified in advance
but only an upper bound is given. For instance, when dealing with
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gases, the volume of the container is such an upper bound, but

there is no a priori reason to suppose the gas will never assume a

volume less than this. If in fact we do require that the gas occupies

always the largest volume available to it then we must be aware we

have introduced a constitutive assumption. Constraints (3.4 d, e)

are mere consequences of the definitions of molar fractions.
Applying theorem 3 we obtain

dufos (...)+r=0 (3.5 a)
oufov (...)=2,=0,4,>0,,=0if >0 (3.59b)
dufov (...)+r=0,4>0,L,=0ifv<b (8.5¢)

ouloy, (.,.}--13+i;0,13+5>0,13+{. -0if ,>0 (3.54d)

dufoy; (-..) =, . ,=0 (3.9e)

where the symbol (...) stands as an abbreviation to the list of
variables (s, 9,941 7,,)-

As we have seen, the temperature is assumed to be non-nega-
tive, therefore by (2.11) —2, =T > 0. This implies that the entropy
at the minimum is s,. There is no loss of generality in this case
to substitute the equality constraint (3.4 a) by an inequality
constraint

§s—8, <0 (3.6)

The pressure is given in Thermostatics by

P B e ] (3.7)
0v

If a perfect fluid is such that the constraint (3.5 c) is always
active for all & > 0 then we can assert by (3.4 c) that the pressure
P is a non-negative function or that the internal energy « is a
non-increasing function of the volume v. It is easily seen that the
converse is also true.

If we had set v =4 instead of (3.4 c¢), the conclusion we have
Jjust reached would not have been possible. In fact we would have
introduced, in an implicit way, a constitutive hypothesis.
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4— LAGRANGEANS IN THERMOSTATICS

Let us return to the problem of minimising = (s, v, 7,,...,7,)
subject to s—s5,<0. As we have shown in 3, the Lagrangean
function for this case is

f=u(s,v, 945000 2,)-T, (s—5,) (4.1 a)

We can write also that, because f is minimum at equilibrium,

“(SoyVo,Yioseo s Vo) < (80 Viyoes V) — To(s—5,) (4.1Db)
or

# (So, Vo, Yoy ooy Vo) — ToSo << % (8,0, 9,9 ) —Tos (4.2)

We recognize both members of this inequality to be the Hel-
mholtz free energy at the temperature T,, evaluated at equilibrium
(the LHS) and at any state (the RHS). Therefore for a given tempe-
ratura T, the equilibrium state minimizes the Helmholtz free energy.

It is now immediate that the corresponding principle for the
constraint v — », < 0 is the minimization of the entalpy & = # + P,
such that

#(Soy Yo, Yoy -y I0) +tPovo<u(s,v,,..., 9 )+Pov (4.3)

For the set of constraints s — s, < 0, © — v, < 0 the Gibbs free
energy ¢ — # — Ts + Pz is the one to minimize and we have

# (S0, Vo, ¥ro)+Povo— Toso<<tu(s, v, )+ Pov— Tos (4.1)
This inequality is identical to that postulated by Coleman and Noll [2].

The author wishes to thank Professor A. G. Portela for several fruit-
ful discussions on the subject of this paper.
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