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ABSTRACT — New lattice data on configurational histograms are given 

for bond and site clusters grouped by fixed percolation perimeter, fixed 

energy perimeter and fixed cluster size. The latter are illustrated by several 

combinations of interest of cyclomatic number discriminations. 

INTRODUCTION 

It has long been recognized that configurational studies are 

a fundamental tool in the theory of critical phenomena. Recently, 

however, powerful techniques (like transfer-matrix renormalization 

and field theoretical methods [17]) have surged on to the sta- 

tistics of lattice clusters in the percolation and animal problems 

(see e. g. ref [18]) and significant advances in the knowledge of 

the critical exponents for both problems have been brought close 

to a virtually «exact» solution. There is, however, still open a 

rich field of specializations (valence, cyclomatic number, specific 

connectivity requirements, restricted sets of clusters (animals) 

defined through topological constraints). Our aim in this paper 

is twofold: written in mid-81 it should concentrate on selected 

topics referring to the cluster topology which are likely to assume 

physical relevance in the future, and where series expansions and 

configurational studies will remain competitive. On the other hand, 

it should unify various treatments that have remained scattered 

in the literature without any systematic exploration (like bond 

or site content in percolation). We have divided the data in 5 

broad groups: fixed energy groupings, fixed percolation perim- 
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eter groupings, fixed size percolation groupings, cyclomatic 

number distributions (in percolation) and fixed size energy 

groupings. Each one of them is preceded by a succint description 

of the graph theoretical procedures used in its derivation. 

The notation to be consistently applied throughout the 

paper is: 

s — denotes the number of cluster sites 

b — denotes the number of cluster bonds 

c = b—s-+ 1 denotes the cyclomatic number of a connected 
cluster 

e — denotes the external bond (energy) perimeter 

t — denotes the perimeter in the percolation sense 

Sci Bor — Bive the number of geometrically different cluster con- 
figurations with a given label s,e or s,b,t. 

Note that the normalization of the various g, may occasion- 
ally vary for convenience. We have indicated in each case the 

factor relative to a normalization per lattice site. 

A — Fixed energy groupings 

Whenever the bond perimeter of connected site clusters is 

fixed, the resulting distributions according to the variable number 

of sites enclosed within a given configuration of boundary bonds can 

easily be translated topologically into a fixed perimeter — enclosed 

area problem by considering the dual lattice (Sykes et al [1], [2]). 

Consider figure 1 for the triangular—-honeycomb system: in 

Fig. 1 A, the connected cluster of 8 sites and 11 bonds on the 

triangular lattice is the dual of the honeycomb configuration 

with 26 sides and area 8. Denoting the number of sites by s, the 

number of (internal) bonds by b and external bonds by e, the 

following linkage rule for. site clusters (strongly embedded clus- 

ters) 

e = zs — 2b A. 1 

is valid on any lattice (coordination number z). For configura- 

tions of the type in Fig. 1A there are no sites enclosed within 
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the configuration and not belonging to it but Fig. 1B indicates 

the possibility of such configurations: all clusters that can be 

derived from the fully compact cluster limited by the outermost 

boundary through the exclusion of any combination of hexagonal 

faces marked with (x) are still duals of connected clusters on 

the triangular lattice, but, unlike the case of Fig. 1A, their bound- 

ary is no longer singly-connected (it is no longer a simple 

polygon). 

  

Fig 1 

A-— Site cluster on the triangular lattice and its dual on the honeycomb 

lattice. The triangular configuration is compact (no inner perimeter sites) 

and its dual is bounded by a simple polygon. 

B— Another example of a honeycomb configuration. Exclusion of any face 

marked with (x) generates a connected dual from the larger simple 

polygon. 

The situation recurs for the simple quadratic lattice, which 
is well known to be self-dual (Fig. 2). Fig. 2C is a compact 
configuration bounded by a simple polygon (it is, in fact, the 
isoperimetric solution for perimeter 18, Duarte and Marques [3] 
—and area 20). Once again, exclusion of any combination of 
square faces marked with (x) generates a connected area (alter- 
native examples are drawn in 2A and 2B), which is still a dual 
of some site cluster on the same lattice. Fig. 2D shows, explic- 
itly, a square site tree (17 sites) and its connected dual. 

Now all perimeter distributions of site clusters contribute 
to the low temperature ferromagnetic polynomials for the Ising 
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model [1]. It is, however, required, for their isolation, to separate 

the contribution of multicomponent graphs as described in [4]. 

To go one stage further and separate the simple polygons from 

the nonpolygonal connected duals, we note that on the honey- 

comb lattice (Fig. 1) it is impossible to have more than 3 ele- 

   
Fig. 2 

A, B— Examples of connected duals on the square lattice. 

C—Simple polygon on the square lattice. Exclusion of any face marked 

with (x) generates a connected dual from the larger configuration. 

D—A square lattice tree and its dual. 

mentary hexagonal faces meeting at a site and, therefore, the 

contribution from those configurations can be singled out from 

clusters discriminations on the triangular lattice taking into 
account the number of elementary triangular faces f (as well as s 

and b). Isolated inner boundary sites will then occur for all 

clusters where f does not account for the total cyclomatic 
number: 

b-st1 +f A. 2 

and this inequality identifies the non-polygonal connected duals: 

all inner boundaries will be separate from the outermost 

boundary. 
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It is impossible to proceed in this way for the square lattice: 

a tree like in Fig. 2D does not verify A.2 and yet its dual is not 

a polygon. In general the problem of determining the connected 

duals up to a reasonable order is lessened by simple conversion 

of fixed s distributions (b groupings), like those below in section 

D. Earlier results for the square polygons can be found in Hiley 

and Sykes [5]. 

The additional data should sum to the known results for 

the total number of polygons (fixed perimeter), greatly extended 

in a recent paper by Enting [6] through the use of transfer matrix 

techniques. 

We give new data for polygons on the honeycomb (e < 42) 

and square lattices (e < 22) as well as for the corresponding 

connected duals. 

B — Fixed percolation perimeter groupings 

When the perimeter is measured in the percolation sense, 

i.e. by the number of sites (bonds) t necessary for the isolation 

of a given cluster on a lattice, the perimeter groupings suffer 

considerable rearrangement of the various cluster contributions. 

The usual perimeter method can, of course, be used for obtaining 

these groupings — once again, they can be obtained through a 

straightforward conversion of the fixed size percolation distri- 

butions, although such information must be completed (for 

detailed descriptions see Sykes et al [4], Blease et al [7]). 

In this paper we present results for these groupings on the 

square ( t < 16) and honeycomb (t < 13) lattices (site problem) 

as well as for the Kagomé site problem (t < 16). As in section A, 

the problem is equivalent to the enumeration of the histograms 

8s OF 8, at fixed t; g., or g,, gives the number of geometrically 
different cluster configurations per site (or per bond) with a 

given perimeter value t (here t refers to bond and site perimeter 

for bond and site percolation respectively). 

In addition, we have used inequality A.2 (and further dis- 

crimination through b, s, t and f) to isolate all the non-polygonal 

connected duals of the triangular lattice according to their per- 

colation weight. The resulting perimeter polynomials are given 
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through order 21 (they should be compared with the complete 

set of perimeter groupings for the problem, given in Sykes et 

al [4] (t < 22)). 

C— Fixed size percolation groupings 

The g,, (fixed size s) are the best illustrated groupings in 

the literature. They have been listed for 2,3 and higher dimen- 

sions [8], [9], for both site and bond [10] problems on most 

usual lattices. The interested reader should refer to those papers 

for an outline of the method and detailed considerations on the 

applicability of the corresponding series expansions. We have 

added in this paper the groupings for the site problem on the 

2 archimedean lattices of coordination number 5, (3,3,3,4,4) and 

(3,3,4,3,4) (s < 12). Both lattices (their Ising points are known 

exactly) provide good testing ground for the variation of the 

perimeter — to — size ratio and its connection with criticality 

(Duarte [11]). The well known sum rule to be verified by the 

8. is 

PSS Be PSOE: Dy Corl 

D — Cyclomatic number distributions in percolation 

A different type of configurational weighting which has been 

the object of much recent interest is the set of three — indexed 

discriminations of clusters by their site, bond content and 

perimeter (in the percolation sense). Through Euler’s law these 

discriminations lead to the expansions of the average cyclomatic 

number <c > (Cherry [12], Gaunt et al [13]). 

Los =<{b>—<s> t <i> D. 1 

and from expansion of the higher moments of the cluster size 

distribution of the type 

Seis Sa; OCI -Pp) D. 2 
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for bond percolation and 

<> = See Ole D. 3 
s,b,t 

for site percolation, new quantities of interest, paralleling the 

moments in the usual cluster size distribution are obtained. They 

are expected to belong to the same universality class as normal 

percolation and therefore constitute alternative ways of calcula- 

ting the critical exponents for percolation. For k = 2, D.2 and 

D.3 lead to «susceptibility» series diverging near p, with a crit- 
ical exponent y, like the mean cluster size 

DP > Di, < S>ton~}Po- DI” > < b> a De Bie-4, D. 4 

This property has been occasionally used in the literature 

(Dunn et al [14], Agrawal et al [15]). A systematic study for 2 

dimensional percolation (p, lattices) is reported in [16]. 

We present results for the set of histograms %, bg,,, for the 
triangular, square matching, Kagomé, honeycomb and archime- 

dean (3,3,3,4,4) and (3,3,4,3,4) site problems and for %, sg,,, for 
the square and honeycomb bond problems, as well as for 

Xp b? g., for the Kagomé site problem. We recall that for the 
first moment distributions the sum rules 

a bg. P’ ( — p)t = (2/2) p? D. 5 
2 S, 

for site percolation and 

to Sau PP? ( — py e T= <b pe D. 6 

for bond percolation, should be verified. 

It also seems adequate to mention that the use of detailed 

valence discriminations constitute an alternative way of deter- 

mining their cyclomatic number distributions. Since they repre- 

sent an expansion from 3-indexed to z-indexed discriminations 

it is usually more cumbersome to take this line of procedure 

(it was however followed in refs [12], [13]). If the sites in a 

connected cluster are partitioned according to the number of 
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site neighbours in the cluster (their valence) the following linkage 

rules are verified 

with s, the number of sites with valence v and where the 

summations run from 1 to z. Equations D. 7 and D. 8 are 

unwieldy for bond percolation (valence considerations apply equally 

to bond and site percolation clusters), since b is usually fixed and 

any cyclomatic number mixing in a given g,, must be disentangled 

from a combination of different s as well as from all compatible 

combinations of s,’s. It is generally more direct to start from 

bond percolation distributions and exploit the following properties 

of the yield factor generation (see Blease et al [7] for an exposition 

of the method): 

a) For a given space-type strongly embeddable on the spe- 

cific lattice under investigation, the number of bonds that can be 

transferred from the bond content to the bond perimeter is not 

greater than the cyclomatic number, if connectivity is to be 

preserved. 

b) The number of transferable bonds is zero for strongly 

embedded trees. 

c) The length of the bond tree percolation polynomial (with 

b = s —1 bonds) is c,,,, + 1, where c,,,, is the maximum cyclo- 

matic number of s-site clusters. 

d) Strongly embedded clusters always maximise the bond 

perimeter for given values of b and c. Recalling that the linkage 

rule for strongly embedded clusters is e=t=zs—2b, it can 

be seen that the difference in bond perimeter between clusters 

with sucessive cyclomatic numbers (same b) is z. These properties 

enable a separation of the cyclomatic number contributions in 

bond perimeter polynomials of not too high b (like those in 

Sykes et al [10]). In every case the sum rule D. 6 acts as a 

check on such graph theoretical manipulations and use of valence 

discriminations is thereby avoided. 

max 
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E— Fixed size energy groupings 

These enumerations are converse of those considered in 

section A. For site clusters, these groupings constitute (through 

eq. A. 1) a strict partition according to the cyclomatic number 

(or alternatively, according to the number of bonds b in the 

cluster). No data exist in the literature regarding this specific 

partition, which has emerged in recent times as a very relevant 

tool for the study of branched polymers in the dilute limit (mainly 

through the studies of Lubensky and coworkers [17], [18]). 

Clearly, in this partition the 3-indexed discriminations in D. 2 

and D. 3, the g,,,, are summed over the perimeter index, so that 

with the resulting g, (which are equivalent to the g,.) new 

moments of the «animal distribution» [17] can be defined and 

numerically investigated. 

We present data on the three 2-dimensional regular lattices. 

The first noticeable difference with respect to the g,, is that the 

corresponding histograms evolve very slowly in shape, so that it 

might be argued that for this specific partition the lattices are not 

very effectively sampled. Now, in each case, the maximum bond 

perimeter corresponds to the minimum number of bonds in the 

cluster, so that the last value in each of the g,, histograms just 
gives the total number of site trees on each lattice. As we have 

mentioned, in the previous section, this total number will also 

appear as the maximum perimeter configuration value in the bond 

percolation polynomial of bond size b = s — 1. Hence, the present 

data represent an extension over the data of ref [10]. 

Unfortunately the following term in g,, (corresponding to the 

total number of polygons, tadpoles and other configurations of 

cyclomatic number 1) does not grow sufficiently fast for a non- 

-degenerate histogram to occur for loose-packed lattices. Consider- 

ation of the bond case only worsens the balance of the histogram: 

A. 1 is no longer valid, so that the g,, with s=b + 1, gives the 
total number of bond trees and through the use of the yield 

factor generation ali site clusters of b + 1 sites give non-zero 

contributions to g, 41.4. 

In order to avoid these problems one must concentrate on 

high coordination number (site) lattices where the strong embedda- 

bility «propagates» the distributions towards lower e values. But, 
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better still, the careful exploitation of local linkage rules and 

consideration of both site and bond valence and the changes 

they undergo in bond-to-site transformations have enabled Duarte 

and Ruskin [19] to identify the valence structure on lattices 

which are covering lattices of bond problems. For the site trees 

(8, +1,,) are always neighbour avoiding walks, belonging to a 
totally different universality class from branched trees and with 

a comparatively smaller growth parameter. The same happens for 

the terms of the form g,,, which originate from the corresponding 
bond polygons and bond trees with one single site of valence 3. 

Hence the g,. for the corresponding ‘site covering problem shows 

a rapid evolution towards non-degenerate configurational histo- 

grams. We illustrate this point with the square covering g,, (S<13). 

This research was funded, at various stages, by I.N.I.C. 

(Portugal), The Royal Society — Academia das Ciéncias (Lisboa) 

and the Gulbenkian Foundation. The author is greatly indebted to 

Prof. J. M. Aratijo for assistance with the manuscript. H. J. Ruskin 

and R. Cherry made an invaluable contribution towards the 
computing proficiency of the author. 

APPENDIX 

FIXED ENERGY GROUPINGS 

A — Honeycomb polygons 

e =6 S56 CS A) e = 20 

1 1 5 60 

e= 10 6 42 

2 a) 7 30 

e=12 8 6 

3 2 e= 22 

e=14 5 99 

z 9 6 129 

4 3 7 105 

e= 16 8 69 

4 12 9 27 

5 6 10 3 

e= 18 e= 24 

4 29 6 280 

5 21 Z 276 

6 14 8 246 

Z 1 9 160 
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e = 26 

e = 28 

e = 30 

e = 32 

86 

24 

2 

348 

726 

720 

609 

432 

249 

117 

27 

1242 

1710 

1812 

1458 

1164 

702 

414 

168 

42 

1260 

3759 

4611 

4769 

3870 

3163 

2126 

1320 

729 

290 

87 

14 

5436 

9804 

12186 

12030 

10476 

8406 

6336 

4134 

2622 

Ly, 

18 

19 

20 

21 

8 

9 

10 

ll 

12 

13 

14 
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16 

17 

18 

19 

20 

21 

22 

23 

24 

9 

10 

It 

12 

13 

14 
15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

9 

10 

11 

12 

1368 

606 

198 

42 

6 

4644. 

18786 

27627 

33405 

32061 

29097 

23553 

18597 

13128 

8877 

5412 

2943 

1401 

507 

147 

27 

23472 

54148 

76662 

88378 

86860 

78978 

67134 

53826 

40866 

29076 

19672 

12006 

6936 

3424 

1458 

496 

128 

24 

2 

17382 

90924 

160131 

218436 
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240579 27 13128 
242613 28 6060 
219816 29 2412 
193602 30 798 
158682 31 216 
126099 32 42 
93948 33 6 
68019 6.49 
45531 10 65822 
29049 11 431448 
17115 12 897289 
9138 13 1369834 
4338 14 1691994 
1719 15 1865164 
579 16 1873893 
147 17 1778925 
27 18 1601354 

3 19 1397388 
e= 40 20 1168533 

100740 21 951897 

287838 22 742157 

464580 23 564297 

604434 24 410122 
661206 25 288397 
669792 26 192099 
619944 27 122932 
553584 28 73674 

469290 29 41040 
384144 30 21083 
300192 ‘ 31 9632 
226296 32 3918 
163500 33 1341 

111960 34 392 

73266 35 87 
44646 36 14 
25626 a7 1 

A— Square polygons 

e= 4' 9 656 

dvi: 10 482 

: er i (see Hiley, Sykes [5]) ll 310 
=" 12 151 

: =14 13 68 

e= 16 Bs. (X 1) 14 22 
566 15 6 

676 16 1 
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e= 18 

e= 20 

e 

e= 10 

e=12 

e—14 

e= 16 

e=18 

e = 20 

e = 22 

e = 24 

1868 

2672 

2992 

2592 

2086 

1392 

864 

456 

218 

88 

30 

6237 

10376 

13160 

12862 

11717 

9332 

7032 

4748 

3010 

1728 

914 

426 

21 
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A— Honeycomb duals 

Same as polygons 

8. (X I) 

281 
276 
246 
160 
86 
24 

10 

11 

12 

13 

e = 26 
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14 168 23 27 

15 42 24 3 

16 6 e = 36 

e = 30 9 23662 

7 1260 10 54411 
8 3795 , 11 78990 

9 4697 12 91389 
10 4817 13 89680 

ll 3876 14 81183 

12 3163 15 68294 

13 2126 16 54261 

14 1320 17 40950 

15 729 18 29083 

16 290 19 19672 

17 87 20 12006 

18 14 21 6936 

19 2 22 3424 

e = 32 23 1458 

8 5472 24 496 

9 9990 25 128 

10 12453 26 24 

ll 12264 21 2 

12 10557 e = 38 

13 8418 9 17382 

14 6336 10 92205 

15 4134 ll 165144 

16 2622 12 226125 

17 1368 13 250641 

18 606 14 252177 

19 198 15 227970 

20 42 16 i 199110 

21 6 17 161712 

e = 34 18 127287 

8 4644 19 94242 

9 19014 20 68067 

10 28305 21 45531 

11 34263 22 29049 

12 32901 23 17115 

12 29601 24 9138 

14 23721 25 4338 

15 18627 26 1719 

16 13128 27 579 

LZ. 8877 28 147 

18 5412 29 27 

19 2943 30 3 

20 1401 e = 40 

21 507 10 101679 

22 147 11 295356 
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e= 42 

e=4 

e-—6 

e=8 

e=10 

e=12 

e=—14 

482850 

631218 

694122 

702816 

648951 

575856 

484095 

392556 

303741 

227472 

163743 

111990 

73266 

44646 

25626 

13128 

6060 

2412 

798 

216 

42 

6 

65822 

438264 

929414 

A— Square duals 

8s_ (X)) 
1 

2 

55 

40 
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570 
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e= 18 

1908 

2708 

3008 
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11 2596 23 22 

12 2086 24 

13 1392 25 I 

14 864 e = 22 

15 456 10 22202 
16 218 ll 42012 
17 88 12 58742 
18 30 13 63256 
19 8 14 62396 
20 2 15 54908 

e = 20 16 46352 

9 6473 17 36112 

10 10724 18 26906 

ll 13456 19 18756 

12 13034 20 12456 

13 11789 21 7468 

14 9354 22 4472 

15 7036 23 2408 

16 4748 24 1208 

ale 3010 25 560 

18 1728 26 238 

19 914 27 88 

20 426 28 30 

21 187 29 8 

22 68 30 2 

PERCOLATION PERIMETER GROUPINGS 

B — Square lattice 

t= 4 By (X 1) 6 54 
1 1 7 22 

t= 6 8 4 
2 2 t= 

t=) 7 5 12 
3 4 6 80 

= 8 7 136 
3 2 8 80 
4 9 9 28 
5 1 10 4 

t= 9 tas 
4 8 5 2 
5 20 6 60 
6 4 7 252 
to 8 388 

4 2 9 291 
5 28 10 154 
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J. A. M. S. DUARTE — Configurational data on connected clusters 
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J. A. M. S. DuaRTE — Configurational data on connected clusters 
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B — Triangular lattice (without holes) 
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J. A. M. S. DuarTE — Configurational data on connected clusters 
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J. A. M. S. DuARTE — Configurational data on connected clusters 
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J. A. M. S. DuARTE — Configurational data on connected clusters 

16 13604 23 55766 

V7 28980 24 9696 

18 45462 25 854 

19 52606 s=12 

20 45831 13 4 

21 21304 14 247 

22 5518 15 2310 

23 358 16 12693 

24 16 17 48018 

s=1]1 18 137623 

13 42 19 306124 

14 608 20 541719 

15 3670 21 755720 

16 14956 22 828850 
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21 200886 27 1024 

22 133464 28 32 

CYCLOMATIC NUMBER DISTRIBUTIONS IN PERCOLATION 

D — Triangular lattice 

§=).2 Sp PBspe (X 1) 5S 27. 

8 3 12 12 
= 8 13 330 

9 6 14 1098 
10 18 15 3198 
ae 16 6504 

10 15 17 8802 
iy 48 18 6084 

12 87 a 8 
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me be 14 897 
15 3420 
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13 324 17 22494 
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s= 6 19 41430 
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16 1530 16 10962 
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J. A. M. S. DuarTE— Configurational data on connected clusters 
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J. A. M. S. DUARTE — Configurational data on connected clusters 

D — Square matching site problem 
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J. A. M. S. Duarte — Configurational data on connected clusters 
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J. A. M. S. DUARTE — Conjigurational data on connected clusters 
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J. A. M. S. DUARTE — Configurational data on connected clusters 
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J. A. M. S. Duarte — Configurational data on connected clusters 

16 11757504 s=19 

17 6162480 TL 138 

18 1171950 12 64644 
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J. A. M. S. Duarte — Configurational data on connected clusters 
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J. A. M. S. DUARTE — Configurational data on connected clusters 
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10 2904 s=15 
11 14982 9 26 
12 56736 il 5796 

13 321840 12 36834 
14 414792 13 267840 

ss 14 1730016 
’ ene 15 5652390 

4 iaaks 16 20519424 
rs pst 17 41415840 
2 Presi 18 ue 33004544 

14 1112436 10 378 
15 1239056 12 45900 

s=13 13 180702 
10 1620 14 1618176 
il 2262 15 7296948 
12 91416 16 25115160 
13 260268 17 76400448 
14 1292508 18 135462936 

15 3764712 19 98498952 

16 3701418 a= 17 
pore 11 2970 

10 390 12 7344 
a pats 13 276960 

14 1037808 
ie 33768 15 8308410 
13 408492 16 31418934 
14 1218804 17 105743982 
15 5298120 18 277089606 
16 12555000 19 439782480 
17 11054610 20 293866272 

D — Kagomé lattice site problem 

S=2 My dB (X 3) s=7 
5 6 7 384 
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6 66 10 o2ec", 

s=4 s=8 
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s=5 10 46104 

a 96 11 117972 
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s=6 9 13266 
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8 1164 11 223344 

9 8316 12 416466 
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