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atomic charges by fitting the model elec­
trostatic potential in a shell outside the 
molecular van der Waals radius to the 
potential calculated directly from the 
quantum-mechanical wave functions. 

Electrostatic interactions in the ma­
jority of static and dynamic modelling 
studies, however, have been accounted for 
by a small number of distributed point 
charges: usually Mulliken charges, effec­
tive charges or charges obtained from a 
fit to quantum-mechanical energies. Only 
a few of the more elaborate models in 
Table 4 have been applied to computer 
modelling; some examples are given here. 
Starting from Hartree-Fock molecular 
wavefunctions, Hirshfeld and Mirsky [110] 
performed lattice-energy calculations for 
three crystal structures (C2H2 , C02 and 
C2N2) with the electrostatic energy cal­
culated at three levels of sofistication: 
(i) replacing each molecule by a point 
quadrupole at its center of symmetry, 
(ii) placing a point charge at each nucleus 
(the values chosen to reproduce the cal­
culated molecular quadrupole moment), 
and, the most elaborate, (iii) decomposition 
into atomic fragments according to the 
stockholder recipe of Hirshfeld. They 
found large differences in the lattice en­
ergies, which were up to 60 % larger for 
the third model. Berkovitch-Yellin and 
Leiserowitz have used Hirshfeld's 'least­
-squares charges' and 'stockholder charges' 
from X-ray data in crystal packing cal­
culations of amides [111] and other sys­
tems. Berkovitch-Yellin et ai. [112] and 
Berkovitch-Yellin [113] also used such 
charges in calculations of the habits of 
organic crystals. Moss and Feil [114] and 
Feil and Moss [115] derived the elec­
trostatic 'in-crystal' potential of the pyra­
zine molecule from a Hirshfeld type defor­
mation refinement, and investigated the 
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importance of the electrostatic interaction 
in determining the crystal structure. 

MD simulations for the orientationally 
disordered phase I of solid KCN have been 
performed by Klein and McDonald [116], 
who concluded that an interionic potential 
incorporating «a realistic model of the cN­
charge distribution» was able to account 
semi-quantitatively for a wide range of 
properties of this crystal, as opposed to 
previous simulations, where only one effec­
tive quadrupole moment had been used to 
model the anisotropy of the electrostatic 
interaction. The construction of the new 
potentials was guided by the distributed 
multipole analysis made by Stone (cf. 
above) for the CN- ion [117]. 

Some guidelines for the improvement 
of the non-electrostatic part of interaction 
potentials have also been suggested. ln 
their review of water dimer potentials, 
Finney et ai. [31] concluded that most of 
the effective pair potentials with three 
point charges and one non-Coulombic 
interaction site display too strong an O .. . O 
attraction, while the orientational depend­
cnce is too weak. They discuss possible 
improvements with respect to the func­
tional form of the potentials and conclude 
that the addition of explicit H-H repulsion 
terms may be an important modification. 

The constant pressure MD [78], which 
allows the unit cell volume and shape to 
change, has been particularly important in 
discriminating between different models, 
allowing the study of phase transitions to 
take place and showing the importance of 
thermal motion for the stability of the 
calculated crystal structure. A large num­
ber of Lattice Dynamics and Molecular 
Dynamics simulations have been performed 
for molecular crystals of small molecules, 
such as CH, , N2, Cl2, CS2, CSe2 (cf. the 
review by Righini [71] and references 
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therein) . ln many cases the potential func­
tions applied have been Lennard-Jones 
atom-atom potentials with no electrostatic 
interaction or with a simple quadrupolar 
interaction. Many different parameteriz­
ations have been attempted and many 
different physical properties calculated. 
Righini [71] concludes that such simple 
models are inadequate; higher-order terms 
-in the multipole expansion play an import­
ant role in the stability and dynamics of 
these crystals, and the form of the non-elec­
trostatic terms also requires special atten­
tion. Solid Cl2 is an interesting example. 
The experimental structure cannot be re­
produced by traditional isotropic atom­
-atom pair potentials, even if quadrupole-
-quadrupole interaction is included. Price 
and Stone [118] and Burgos et al. [119], 
using different formalisms showed that by 
inclusion of anisotropy in the lone-pair 
electron density, the model potential 
succeeds to describe the experimental 
structures very accurately. Price and Stone 
[118] make use of Stevens' [120] experi­
mental electron density maps in discussing 
the physical validity of their anisotropic 
potential model. Finney et al. [31] suggest 
that a similar modification of the water­
-water potential, allowing for the aniso­
tropy of the repulsive core around the 
oxygen lone-pair region, may lead to an 
improvement in the agreement between 
experimental and calculated properties for 
liquid water. 

Further developments along these lines, 
or more sophisticated approaches, could 
prove most rewarding. 

6 -· CONCLUSIONS 

ln this paper, 1 have briefly reviewed 
the methods used in computer simulations 
of condensed matter, and the results 

obtainable with these techniques. 1 have 
concentrated on the use of realistic pair 
potentials and have given an overview of 
some models that are widely used for 
aqueous systems. Quantum-chemical and 
experimental methods to investigate elec­
tron densities have already proved to be 
most valuable in studying basic chemical 
and physical principies. lt should be feas­
ible to make more use of these densities 
for the construction of improved inter­
molecular potentials, accounting for the 
continuous electron distribution in a more 
detailed way than is being done at present, 
and by a more adequate modelling of the 
polarization mechanisms occurring in real 
systems. I believe that such developments 
will further increase the power and appli­
cability of simulation methods. 

Note added in proof: 

Rullmann and van Duijnen [121] re­
cently published a new polarizable water 
model which resembles the PE model but 
also exhibits some important differences. 
The potential was applied in Monte Cario 
calculations of liquid water and calculations 
of hydration and protonation energies of 
amines. Ahlstr et al. [122] investigated the 
effect of adding a point polarizability to 
an SPC like rigid water molecule in MD 
simulations, and found an 'increased struc­
ture ' and slower dynamic properties as 
compared to the original SPC model. MD 
simulations for aqueous ionic systems 
using potentials beyond the pair-additive 
model have been performed for BeCl2 (aq) 
by Probst et ai. [123]. They found the 
hydration number to decrease from 6 to 4 on 
including non-additivity effects. Curtiss 
et al. [124, 125] have calculated many­
-body contributions for Fe2+ (H20) n and 
Fc3 -'- (H20) n clusters from ab initio 
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methods. They also compared MD results 
using true ab initio pair potentials and 
effective 2-body potentials. 
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ELECTRONIC STRUCTURE CALCULATIONS OF TRANSITION 
METALS AND ALLOYS 

K. SCHWARZ and P. BLAHA 

T echnical University Vienna 
Getreidemarkt 9/ 158, A-1060 Vienna Austria 

ABSTRACT- The electronic structure of metals and alloys is calculated by 
the full potential linearized augmented plane wave (LAPW) method using the local 
spin density approximation (LSDA) for treating exchange and correlation effects. 
Since no shape approximation is made for either the potential or the charge density, 
this is presently among the most accurate computational t echniques for electonic 
structure calculations. Using these LSDA energy band calculations, three types of 
applications are discussed : 

i) Charge and spin densities and the related structure factors are the most 
direct quantities to be compared with experiment. 

ii) The electric field gradient (EFG) is a sensitive quantity in solids. Recently 
it became possible to calculate EFGs in the superionic co~ductor Li3N from first 
principles. Here this method is applied to hexagonal closed packed (hcp) metals from 
Be to Cd. The EFGs including the sign are calculated without the use of any Sternheimer 
factor. Although the d-electrons of transition metals lead to an electronic charge 
density which deviates from spherical symmetry, it is mainly the small admixture 
of p electrons in the valence charge density which is responsible for the EFG. This 
result is accomplished by the r' form of the wave function near the nucleus. 

iii) The Mossbauer isomer shift (IS) is determined by the difference in contact 
density (electron density at the nucleus) between the material in question and a 
reference system. Although the contact density is mainly determined by the core or 
semi-core states, the IS originates mostly from the valence electrons. When an alloy 
is formed, the volume dependence is a crucial factor for IS. These aspects are 
illustrated for Fe and the Fe compounds FeAI, FeTi and FeCo. 

1 -- INTRODUCTION AND LAPW 
METHOD 

The electron density is the key quantity 
in density functional .theory (DFT) which 
is the basis for most electronic structure 
calculations in solids [l-2). Although in 

Portgal. Phys. -Vol. 19, fase. 1-2, pp. 159-171, 1988 

principle the DFT is exact, in practice the 
functional is unknown and thus one is 
forced to use an approximation. Applica­
tions in solid state theory are usually 
based on the local spin density approxima­
tion (LSDA). The DFT in combination 
with the LSDA simplifies the complicated 
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many-body problem to an effective one­
-electron picture which contains approxi­
mate electronic exchange and correlation 
effects. ln the present work we use the 
parameterisation by Hedin, Lundqvist and 
Janak for these correlation potentials [3-4]. 

ln many electronic structure calcula­
tions, the DFT and LDA are further sim­
plified by assuming the muffin-tin approxi­
mation (MTA) for potential and charge 
density within the self-consistency iter­
ations. We have chosen the full potential 
linearized augmented wave (LAPW) 
method in which we do not make this 
approximation and thus can fully exploit 
the LSDA. 

ln the LAPW method, which is well 
described in literature, [5] the unit cell is 
divided into non-overlapping spheres and an 
interstitial region; in the former the wave 
functions are expressed in atomic-like 
functions and in the latter, in plane waves. 
The charge density (and analogously the 
potential) is written inside the spheres as 
a linear combination of radial functions 
p LM (r) times symmetrized lattice har­
monics Y L M (r) and in the interstitial 
region as a Fourier series: 

) 

~ p L M (r) YLM (r) 
L M 

p (r) = . 
~ p (K) eiKr 
K 

inside sphere 
(1) 

interstitial 

LSDA energy band calculations provide 
the basis . for an understanding of the 
electronic structure, electron densities, 
chemical bonding or spectra related to 
densities of states as illustrated for exam­
ple for transition metal compounds [6]. 
ln this paper three applications are re­
viewed below: electron and spin densities 

and related structure factors, electronic 
field gradients, and Mossbauer isomer 
shifts. 

2 - ELECTRON AND SPIN DENSITIES 

By summing the modulus of the wave 
functions of all the occupied states one 
obtains the electron densities. ln case of 
a ferromagnet these quantities are obtained 
for spin-up and spin-down electrons sep­
arately and their difference yields the spin 
density. In the DFT and the LSDA these 
densities are the essential quantities which 
are obtained self-consistently. 

We show selected examples for hcp 
metals. Self consistent calculations on hcp 
Be have shown [7] that the use of a 
general potential is important. When the 
potential is assumed to be of muffin-tin 
form the resulting electron density shows 
maxima along the c axis and an excess 
of Pz-like charge (Fig. la). The full poten­
tial LAPW calculation, however, yields a 
valence electron density which is almost 
spherically symmetric around the Be 
nuclei and very flat in between (Fig. lb). 
This result is surprising, since one would 
expect the MTA to yield a more spherical 
density. The full potential LAPW results 
are confirmed by the related structure 
factors which agree significantly better 
with experimental data than those of the 
muffin-tin case, especially for the 002 
reflection (see Fig. 6 of [7]). 

Next we discuss hcp Ti as one example 
of a transition metal [8]. Its difference 
density (Fig. 2) is negative between the 
two titanium atoms shown in the (1120) 
plane and is positive in the [llO] and [001] 
direction. ln the interstitial region the differ­
ence density is small and rather flat. The 
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large anisotropy stems from the d elec­
trons and can be understood on the basis 
of symmetry decomposed partial densities 
of states (DOS) (bottom of Fig. 3). Up to 
the Fermi energy EF, there is a depletion 

of the dxz , dyz component with respect to 
the other two types of d symmetries leading 
to the clover-leaf shape in the difference 
density. The p-DOS (top of Fig. 3) shows 
an anisotropy too, which as it is a very small 

Fig. 1- Valence electron density of hcp Be in the (1120) plane: ln the 
contour plot units of 0.001 electrons au -s are used (taken from (7]) . 

a) muffin-tin APW calculation; 
b) general potential LAPW calculation. 
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component cannot be seen in the dif­
ference density, but will be important in 

(0/0/1) 

(0/0/0) 

connection with the electric field gradi­
ent [9]. 

(-1 /1/0) 

(----------

\º -------

Fig. 2- Difference electron density (crystaline minus superposed atomic 
densities) of hcp Ti in the (1120) plane: perspective p!ot (top) and contour 

plot (bottom) with units 0.01 electrons au - 3• 
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The Fourier transform of the electron 
density yields the related structure factors 
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Table 1. ln each case the LAPW results 
and the relative difference with respect to 
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Fig. 3 - Symmetry decomposed p- and d-pa rtial densities of states of hcp Ti. 

from which the crystalline form factors are 
deduced. Four representative examples 
(Co, Mg, Se and Ti) are summarized in 

Portgal. Phys. - Vol. 19, fase . 1-2, pp. 159-171 , 1988 

the free atomic Hartree-Fock values [10] 
are listed. ln general the diff erences are 
less than 1 percent except for the Oll 
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TABLE 1 - LAPW form factors f of four hcp metais : the deviation with respect to the free atomic 
Hartree Fock [10] form factors is specified as tl/ f = (fLAPW -- fHF) / fHF: 

Cobalt Magnesium 
K 

f Ll/ f f Ll / f 

o o o 26.999 0.04 11.997 0.09 

o 1 o 19.919 - 0.50 8.974 - 0.43 

o o 2 19.350 -- 0.75 8.774 - 0.75 

o 1 1 18.806 0.91 8.596 - 0.93 

o 1 2 16.365 - 0.95 7.885 - 0.48 

1 1 o 14.585 - 0.69 7.282 - 0.37 

o 1 3 13.654 - 0.56 6.930 - 0.35 

o 2 o 13.003 - 0.61 6.671 - 0.37 

1 1 2 12.831 - 0.49 6.595 - 0.33 

o 2 1 12.646 - 0.44 6.516 - 0.31 

o o 4 12.320 - 0.39 6.372 -- 0.31 

o 2 2 11.680 - 0.29 6.075 - 0.33 

o 1 4 11.265 - 0.34 5.881 - 0.31 

o 2 3 10.431 - 0.22 5.448 - 0.31 

1 2 o 10.120 - 0.20 5.277 - 0.32 

1 2 1 9.933 - 0.18 5.171 - 0.31 

1 1 4 9.768 - 0.14 5.074 - 0.31 

1 1 5 9.446 - 0.15 4.881 - 0.33 

o 2 2 9.431 - 0.16 4.874 - 0.33 

o 2 4 9.225 - 0.05 4.741 - 0.32 

reflection of Ti. Therefore hcp Ti would 
be of special interest for high precision 
diffraction measurements. 

Ferromagnetic hcp Co has been studied 
by LAPW calculations [8]. The spin den­
sity p t (r) -- pi (r) is derived from an 
itinerant electron picture, but shows 
(Fig. 4) that it is spatially localized around 
the Co sites. This spin density originates 
mainly from d electrons and its deviation 
from spherical symmetry is minor. A small 
negaJive spin density occurs in the inter­
stitial region. 

' 
Scandium Titanium 

f Ll/ f f Ll/ f 

21.000 0.01 22.000 0.01 

15.796 - 0.59 16.057 - 0.76 

15.299 - 0.87 15.477 - 1.04 

15.049 - 0.83 15.076 - 1.84 

13.516 - 0.02 13.438 - 0.26 

12.367 - 0.02 12.188 - 0.23 

11.596 - 0.13 11.365 - 0.11 

11.279 0.07 11.034 - 0.01 

11.091 - 0.06 10.819 - 0.23 

10.991 - 0.04 10.726 - 0.16 

10.622 - 0.01 10.379 0.45 

10.273 - 0.05 9.981 - 0.12 

9.916 0.13 9.632 0.38 

9.373 0.06 9.061 - 0.04 

9.203 0.07 8.902 -- 0.03 

9.073 0.15 8.783 0.19 

8.876 0.07 8.574 0.08 

8.691 - 0.01 8.385 - 0.20 

8.620 0.08 8.342 0.36 

8.497 0.02 8.204 0.02 
1 

3 - ELECTRIC FIELD GRADIENTS 
(EFGs) 

ln a system which contains a nucleus 
with a nuclear-spin quantum number I > 1 
at a site with non-cubic point symmetry 
the interaction between the nuclear quad­
rupole moment Q and the electric field 
gradient (EFG) at that atomic site can be 
measured accurately by various methods 
[11]. Such experiments are used to charac­
terize surfaces, impurities, and va­
cancies [12]. 
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Recently the current status of the 
theory of EFGs was summarized [13]. 
Often a partitioning into an ionic (lattice) 
and a valence EFG is made and these 
quantities are modified by estimated 
antishielding functions y (r) by Stern­
heimer antishielding factors y ro whose 
application is not justified in solids . 

coefficient p 2o (r) of eqn. (1) which can 
be obtained from the corresponding wave­
functions. The relevant L = 2, M = O com­
ponent originates only from p-p, d-d and 
s-d combinations of wavefunctions and 
thus an analysis according to this decom­
position can be used to interprete the 
origin of the EFG [16] . 

Fig. 4 - Spin density p t (r) - pi (r) of ferromagnetic hcp Co in the (llZO) 
plane. 

ln 1985 Blaha et al. [14] developed a 
new method of calculating EFGs based on 
LSDA band structure calculations and 
applied it to Li3N, a superionic conductor. 
This work was extended to hexagonal 
closed packed (hcp) Be [7], the other hcp 
metais [9] and to Cu20 [15] . 

The basis for the calculation of the 
EFG is again the full-potential LAPW 
methodology. Using the total crystal 
charge density (including the core elec­
trons) the electrostatic potential is derived 
by solving Poisson's equation, then the 
EFG is obtained numerically without fur­
ther approximations. The key quantity in 
this scheme is the radial charge density 
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ln a suitable coordinate system the z 
z-component of the EFG tensor is obtained 
from the L = 2 potential coefficients by: 

V zz = \ I ~ 2 V 20 (O) (2) 
V 47T 

The evaluation of the radial potential coef­
ficients V LM (r) for L = 2 and M = O at 
r = O consists of three terms [16]; the 
first is the well-known integral over the 
charge density p 20 (r) times the L = 2 
Legendre polynomial divided by r 3, but 
integrated only over the atomic sphere; we 
call this contribution the valence EFG. 
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The second and third terms arise from the 
boundary value problem and from charge 
density contributions outside the sphere in 
question and the sum is termed the lattice 
EFG. Since we calculate the EFG from the 
self-consistent total charge density of the 
system we do not need to incorporate 
additional Sternheimer factors or other 
(arbitrary) corrections. 

3.1 -- Results for the insulators Li9N 
and Cu20 

This new method was first applied to 
LiaN, a superionic conductor [14], where 
EFGs on nitrogen as well as on both 
lithium sites were measured [17]. A sim­
ple point charge model was not able to 
explain the EFG, but our results using this 
new method were in very good agreement 
with the experimental values. ln particular 

the ratio of the EFGs at the two Li sites, 
which is not affected by an uncertainty in 
the Q value, gives perfect agreement bet­
ween theory and experiment, while the 
point charge model yields a significantly 
larger ratio, which cannot be altered by 
a single Sternheimer antishielding fac­
tor y 00 • 

Recently [15] we have also applied our 
method to cuprite Cu20, where a previous 
cluster calculation [18] obtained an EFG 
at the Cu site in rather good agreement in 
magnitude compared with the experimen­
tal EFG [19]. The cluster approach yields 
a positive sign in contradiction to a simple 
point charge model [20] . Although the 
electronic structure, in particular the de­
pletion of Cu-d charge towards the next 
nearest oxygen atoms is similar in our 
LAPW and the cluster calculation, the 
resulting EFG differs significantly. We 
obtain a negative sign for the EFG which 

exp th 
TABLE 2 - Experimental (V 

22 
) and theoretical (V zz ) EFGs (in 1013 esu/ cm3) for hcp elements. The 

sign of the experimental values is unknown if not given explicitly. ln addition, eontributions to the 
. th val 

total EFG V 
22 

from the «lattice» and «valence» parts (see text) and further deeomposition of V 
22 

into 
p-p and d-d eontributions are given. 

v exp vth vlatt v val p-p vª-ª 
zz zz zz zz V 7. Z zz 

Be 1.6 - 1.4 + 1.8 - 3.2 -- 3.2 o 
Mg J.8 + 1.6 - 0.1 + 1.7 + 1.7 o 
Se 13 + 32 - 4 + 36 + 40 - 5 

Ti 54 + 69 - 14 + 83 + 48 + 33 

Co - 9.6 - 6.2 + 1 - · 7 ·- 13 + 4 

Zn + 120 + 125 - 19 + 144 + 177 - 32 

y - + 93 - 10 + 103 + 106 - 11 

Zr 123 + 143 - 18 + 161 1 + 123 + 32 

Te 23 - 49 + 6 - 55 -- 70 + 14 

Ru - 32 - 41 + 8 - 49 - 75 + 22 

Cd + 230 + 254 - 26 + 280 + 322 - 39 
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originates from the Cu 4p contributions. 
ln the cluster calculation the positive 3d 
contribution to the EFG dominates the 

ln addition, these calculations provide 
a new understanding of the physics deter­
mining the EFG. Previously, the origin of 

V ario us contr.ibutions to the EFG 
350 ~~~~~~~~~~~~~~~~---, 

LEGEND 

300 

250 

20 0 

150 

100 

50 

-50 

Zn Ru Cd 

- lattic 

~ volence 

~ p-EFG 

~ d-EFG 

D sernicore 

Fig. 5- Various contributions to the EFG (in 1Q13 esu/ cm3) for Zn, Ru and Cd. 

negative 4p contribution, in contrast to 
our calculation [15]. 

3.2 - Results for hcp metais 

ln Table 2 we list the experimental 
values and our theoretical results for the 
EFGs of all hcp metals up to Cd [9]. 
Except for Se, the agreement is very good 
considering that often Q is not known 
accurately and influences of structure and 
temperature may increase the experimental 
uncertainties to about 1 O to 20 %. This is 
the first time that one theory can repro­
duce the experimental values of the EFGs 
in ali hcp . metals including the sign 
wherever it is measured (Co, Zn, Ru, Cd). 
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the EFG was unclear even if the calculated 
values were reasonable. Is it the lattice or 
the valence contribution? What are the 
roles of valence and core electrons? We 
find (Fig. 5) that the valence EFG domi­
nates over the lattice EFG which con­
tributes at most 10-15 % (except for Be) . 
Therefore the EFG originates mainly from 
the non-spherical charge density inside the 
atomic sphere. This charge density is built 
up from the core,' the semicore (i. e. ls 
for Be; ls, 2s for Mg; 3s and 3p in the 
3d series; and 3d, 4s, 4p in the 4d series) 
and the valence electrons. Since the con­
tribution from tne semicore states is 
almost negligible, we have neglected the 
«core polarizatiom> by forcing their charge 
density to be spherically symmetric. 
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The non-spherical valence density can 
be split into p-p and d-d contributions 
(the mixed s-d term is negligible). To our 
surprise we found that the EFG is domi­
nated by the p-p term (see Fig. 5 and 
Table 2). This even holds in the 3d and 4d 
transition metal series or in cuprite, where 
the total p population is small while the d 
charge and its anisotropy is large. The 
radial dependence of the anisotropic charge 
density is very important, since the leading 
term involves a radial integral of p 20 (r) 
times a factor of l / r 3 which strongly 
enhances the contribution near the nucleus. 
Effectively the EFG is determined by the 
region inside the first node of the p-wave­
function with the only exception of Be, 
where the nodeless 2p orbital is a special 
case. 

The sensitivity of the EFG with respect 
to the c/ a ratio and the small dependence 
on volume is discussed in detail for Be [7]. 

4 - MõSSBAUER ISOMER SHIFTS (IS) 

The Mossbauer isomer shift [21] de­
pends on the electronic structure of solids 
and can be directly related to the charge 
densities r (O) at the nuclei. This spec­
troscopy is a widely used too! to study 
effects of chemical bonding in crystalline 
and amorphous solids. A simple model to 
explain the IS was introduced by Miedema 
and van der Woude [22] in terms of elec­
tronegativities and the mismatch of the 
electron densities at the Wigner-Seitz cell 
boundaries. With a set of empirical pa­
rameters, this model is widely applicable 
and yields correct trends for the IS in Fe 

' intermetallic compounds [23]. ln the pres­
ent work we investigate the IS of Fe 
and some intermetallic Fe compounds using 
our LAPW results [24]. ln addition we focus 

on changes of the IS with volume (pres­
sure). 

The isomer shift is given by 

IS = a .[P a (O) - P5 (0)], (3) 

where p ª (O) and p s (O) are the electron 
densities ( contact density) at the nuclear 
sites of the system investigated and the 
reference system, which in our case is 
always bcc Fe; the factor a is the nuclear 
calibration constant, a quantity which de­
pends solely on nuclear properties. This 
constant is chosen as a = - 0.24 a~ mm s-1 , 

a value previously used by Akai et ai. [25]. 
The IS and its pressure dependence of 

bcc and hcp Fe has been measured by 
Williamson et ai. [26]. The pressure de­
pendence of the IS in bcc Fe was obtained 
from LAPW calculations at several lattice 
constants (Fig. 6), while the IS of hcp Fe 
is calculated only at one particular volume. 
Table 3 indicates that the IS agree well 
between theory and experiment including 
hcp Fe. For bcc Fe we find the slope 
JIS/ J lnV = 1.3 mm/ s to be compared 
with the experimental values of 1.33 -+- 0.08 
and 1.44 -+- 0.11 mm/ s, at 300K and 82K, 
respectively. 

ln order to investigate the origin of the 
IS, the contact density is partitioned into 
contributions from the core (ls, 2s), semi­
core (3s), and valence (4s) states. Although 
the core electrons dominate the contact 
density by orders of magnitude, it is 
generally the valence contribution which 
determines the IS. The pressure depend­
ence of the IS comes primarily from the 
valence elctrons, whose contact density 
1 if! (O) 1 2 decreases with volume while 
core and semicore contributions increase 
slightly. This statement holds for bcc Fe 
as well as for the intermetallic compounds 
FeAl and FeTi, which possess very dif-
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ferent total IS. ln hcp Fe, however, the 
contribution of the semicore states is 
about one third that of the valence states 

0.00 

,,.... -0.05 
(/) 
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CfJ 
-0. 10 

-o .15 

-0.20 

Table 3. At the experimental lattice spacing 
very good agreement with experiment is 
found. FeAl exhibits a large positive IS, 

~cc-Fe \heoryl 

o 

hcp-Fe (exp.) 

hcp-Fe 

o 

-o. 25 i..__-~-~----,.----..-----r------1 
o 2 4 6 8 10 12 

Uolume change (%) 

Fig. 6 - IS of bcc and hcp Fe as a function of volume change with respect 
to the experimental volume. Lines are from a fit 'through experimental 
results [26); theory for bcc Fe (open circles) and for hcp Fe (full circle). 

and has the sarne sign (Table 3). While 
the valence contribution of hcp Fe fits 
nicely into the volume trend of bcc Fe, it 
is the semicore contribution which causes 
the large difference in the IS between bcc 
and hcp Fe (taken at the sarne volume). 
Nevertheless the main contribution to the 
IS in hcp Fe comes from the valence 
states. 

The IS for the 3 intermetallic com­
pounds FeAl, FeTi and FeCo are given in 
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FeTi a smaller negative one, and FeCo 
shows almost no IS, as is to be expected, 
since Co is next to Fe in the periodic 
table. The contributions to the IS of 
valence, semicore and core states do not 
show a systematic trend in sign (for FeTi 
all 3 contributions are negative, but in 
FeAl and FeCo the core is opposite to the 
valence and semicore contribution). The 
volume dependence of the IS is again 
determined by the valence contributions 
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TABLE 3- Experimental aitd theoretical (decomposed into valence, semicore, and core contributions) 
isomer shifts (IS in mm/ s) pf Fe and Fe compounds at experimental lattice constants or at theoretical 

equilibrium (marked with *) with volume (in au). 

a (au) Vol/atom IS Isth IS va i ISSC ISCO ex 

bcc Fe 5.405 78.95 0.00 0.00 0.00 0.00 0.00 
bcc Fe * 5.200 70.30 - 0.15 a - 0.14 - 0.19 0.03 0.02 
hcp Fe 70.24 - 0.23 a - 0.23 - 0.18 - 0.08 0.03 
FeAl 5.496 83.01 0.24 b 0.25 0.24 0.04 - 0.03 
FeAI * 5.313 74.99 - 0.15 0.10 0.07 - 0.02 
FeTi 5.620 88.75 - 0.15b - 0.15 - 0.13 - 0.02 - 0.00 
FeTi " 5.473 81.97 - - 0.24 - 0.24 0.00 0.00 
FeCo 5.317 75.16 0.01 e - 0.03 - 0.04 0.00 0.01 

a~ Williamson [26]; b) v. d. Kraan [23] ; e) I. Vincze [27]. 

which decrease, while those from core 
and semicore states slightly increase with 
reduced volume. 

We determine the theoretical equilib­
brium lattice parameters-, which are about 
2-4 % smaller than experiment. lt should 
be noted that the evaluation of the IS at 
the theoretical equilibrium yields values 
in poor agreement with experiment, prob­
ably since the theoretical lattice parame­
ters of these 3 compounds deviate from 
experiment by different percentages. 

5 - SUMMARY 

We have used the full potential LAPW 
method to perform self-consistent LSDA 
band structure calculations for a number 
of systems. The electron densities obtained 
in these calculations are used to derive 
additional quantities. Difference densities 
are used to show small anisotropies in the 

electron densities and X-ray structures fac­
tors provide a basis for comparison with 
experiment. 

The EFG tensor is obtained numeri­
cally from the self consistent charge den­
sities without further approximations. 
Reliable results are obtained for the two 
insulators Li"N and Cu20 and all hcp 
metais. Our analysis strongly suggests 
that the EFG is determined by the aspheri­
cal electron density distribution of the 
valence electrons, predominantly from 
p-electrons. ln cases of heavier elements 
(i. e. beyond the first row elements with 
nodeless 2p functions), the aspherical 
valence charge density close to the nucleus 
is most important. To obtain this charge 
distribution reliably both full-potential 
and all-electron calculations are required. 

Another quantity related to electron 
densities is the Mõssbauer IS which is 
investigated for bcc Fe, hcp Fe, FeAI, FeTi 
and FeCo. The IS at the Fe nucleus as 
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well as its pressure dependence is in good 
agreement with experiment. The main con­
tribution to the IS is due to the valence 4s 
electrons, but a small contribution (of 
either sign) comes from the core and 
semicore (3s) states. 

This work was supported by the 
Hochschuljubilaumsstiftung der Stadt Wien. 
ln addition we thank Stephan Turnovsky 
for his help in generating the structure 
factors . 
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CHARGE DENSITY IN TRANSITION METALS 

MARIA MARGARIDA R. COSTA 

Depa rtamento de Física, Universidade de Coimbra 
3000 Coimbra, Portugal 

The interest of accurate diffraction 
measurements leading to the experimental 
determination of charge densities has been 
repeatedly pointed out: the direct observa­
tion of asphericities in electron distribu­
tions enables a better understanding of 
the nature of the bonding in solids. 

One of the very first problems the 
experimentalist is faced with is that of 
selecting a sample which is suitable for 
charge density studies. 

The criterion introduced by Coppens 
- the inverse core electron density con­
centration, S = V /(~n~ore) 'h - may be used 
as a guide; only if S is large enough is 
the compound suitable for any charge 
density maps. 

ln this sense, as pointed out by 
Hirshfeld in 1985 [l] , the structure should 
only contain light atoms of the 1 st and 
possibly 2nd row of the periodic table. 
Although this, in principie, excludes transi­
t ion metais, success has been obtained in 
this field [2-4]. 

The importance of charge and spin 
density studies in atoms with open d-shells 
is well known. The d-electrons are 
relatively localised and hence interact 
strongly amongst themeselves; such in­
teractions often result in significant depar­
tures from the spherical symmetry and 
lead to an atomic magnetic moment. There-
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fore, they play an important role in the 
magnetism of solids. 

On the other hand, their wavefunctions 
are sufficiently spread so that d electrons 
may also contribute to cohesion in solids. 
The delocalisation of the magnetisation 
density reflects the participation of d 
electrons in chemical bonding. 

ln materiais with d electrons, both the 
magnetisation density and the charge den­
sity can be measured. Although the meas­
urement and interpretation of magnetisa­
tion densities is far more complicated 
than that of charge densities, this dual 
possibility is an advantage because it 
enables difficulties inherent to each type 
of measurement and interpretation to be 
resolved. 

Amongst the wide variety of transition 
metal compounds, the Laves phases and 
the rutile structures are particularly suit­
able for comparison of experimental and 
theoretical results as will be mentioned 
now. 

LAVES PHASES 

The Laves phase compounds, generally 
with stoichiometric composition AB2 , 
crystallize in three fundamental structures 
tipified as Cl4 (Mg Zn2), C36 (Mg Ni2) 
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- with hexagonal unit· cells and C15 (Mg 
Cu2) - with a cubic unit cell [5]. Most 
(if not all) atomic positions are fixed by 
symmetry [Figs. la) and b)]; this con­
stitutes an obvious advantage for charge 
density studies. 

These close packing structures can be 
described in terms of triangular nets of 
A and B atoms, stacked between a Kagomé 
net of B atoms [6]. Different possibilities 
for the stacking of such layers give rise 
to the three fundamental types of struc-
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Fig. 1 - Unit cells of two Laves phases 

a) TiFe2 - C14 type 

e Fe(l) (O, O, O) ; (O, O, 1/ 2) 
O Fe(ll) (x, x, 1/ 4); (x, 2x, 1/4); (2x, x, 1/ 4); 

(x,2x,3/4); (2x,x,3/ 4); (x,x,3/ 4) 
(~Ti (1 / 3, 2/3, z); (2/ 3, 1/3, z) 

(2/ 3, 1/ 3, 1/2 + z); (1/3, 2/ 3, 1/2 - z) 

b) TiCo, - C15 type 

O Co (O, O, O) ; (114, 1/ 4, 1/ 4) 
e Ti (5/ 8, 5/ 8, 5/ 8); (5/ 8, 7 / 8, 7 / 8); 

(7/ 8,5/ 8, 7/ 8); (7/ 8, 7/ 8, 7/ 8) 

ture, which only differ in the local sym­
metry of the nearest neighbours A and B. 

Laves phases have been regarded as 
size factor compounds in that the relative 
sizes of the constituent atoms (taken as 
their Goldschmidt radii) is, in general, 
dose to the ideal value, RA / RB = 1.225 
wich corresponds to their close packing 
in the structure. 

Several phases are ;lmown where such 
ratio deviates significantly from the ideal 
value, varying between 1.05 and 1.68. 

This has been attributed to changes in 
the valences of the constituent elements 
causing adjustments in the atomic volumes 
so as to preserve the closest possible 
packing of atoms in the structure. 

Values of RA / RB favouring the struc­
ture of Laves phases often occur when A 
is a transition metal to the left of Cr in 
the periodic table and B is an element to 
the right of this metal, either belonging 
to the sarne or to a different series. 
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When RA / RB < 1.225 significant con­
tractions are observed in B-B distances -
the interatomic distance is smaller than 
that expected from the known values of 
the Goldschmidt radii. 

It has been found [7, 8] that the 
observed contraction of B-B distances 
cannot be attributed only to geometrical 
factors and appears to depend on the 
atomic number of the B element, thus on 
its electronic configuration. If such struc­
tural features are attributed to the dis­
tribution of the valence electrons, then one 
should expect significant charge transfer 
or deformation of the spherical charge 
density distribution to be observed along 
B-B directions . 

ln order to investigate these effects 
the study of three Laves phases TiMn2 , 
TiFe2 and TiC02 has been undertaken our 
Laboratory. 

RUTILE STRUCTURES 

The rutile structures, well known since 
1926 [9], have a simple crystal structure, 
where the transition metal ion is 
surrounded by ·Six ligand ians at the 
corners of a nearly regular octahedron. 

This structural simplicity favours the 
choice of such compounds for an inves­
tigation of asphericities in the electron 
distribution. Moreover, as a consequence 
of the antiferromagnetic structure adopted 
by these compounds (Fig. 2a)) a number 
of magnetic reflections appear at reciproca! 
space positions where only nuclear scat­
tering should occur if the magnetisation 
density around the metal ion were 
spherically symmetric, or had tetragonal 
symmetry. The small magnetic contribu­
tions to these «forbiddem> magnetic reflec­
tíons can be accurately measured wíth 
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the polarised neutron technique and used 
to investigate the aspherical part of the 
magnetisation density. 

Fig. 2 - Unit cell of an antiferromagnetic rutile 
structure 

O ligand ion 
• transition metal ion 

ACCURACY OF EXPERIMENTAL 
CHARGE DENSITIES 

Applying Coppens criterion to the 
alloys and compounds mentioned above, 
typical values of 2-4 are obtained for the 
inverse core electron density concentra­
tíon. Such small values can be compensated 
by using sufficient care in optimising the 
measurements. One therefore should 
aim at: 

(i) improving the counting statistics 
within the limit of the equipement 
available; 

(ii) carrying out measurements at a 
high resolution [S = (2sine ) / ,\], 
obviously limited by the wave­
length of the radiation used; 
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(iii) avoiding or minimizing sistematic 
errors; 

(iv) measuring sets of reflection inten­
sities from more than one crystal 
(selected from the sarne sample) 
with different shapes and vol­
umes; this enables the reproduc­
ibility of the data to be tested 
and the detection of common 
features on the observed charge 
densities, which are most likely 
to be significant; 

(v) trying to avoid the uncertainties 
arising from thermal vibrations 
by . making measurements at low 
temperature. 

Ali X-ray measurements leading to the 
results which will be discussed later were 
carried out on a CAD4 diffractometer, with 
a graphite plane crystal monochromator 
and Mo-Ka radiation. 

Reflection intensities were measured in 
w - 2e scans with variable width, basically 
inferred from a peak profile analysis of 
severa! reflections occurring at various 
Bragg angles. The scan speed for each 
reflection was established so that a preci­
sion better than 2 % was attained in all 
measurements . 

These were carried out inside an Ewald 
sphere with radius 1.1 - 1.25 A-1 (S = 2.2 -
- 2.5 A-1

) ; reflections in all octants were 
scanned whenever the reflection position 
was accessible. This enables the extent of 
absorption and the «efficiency» of the 
absorption correction to be estimated. The 
internai agreement between equivalent 
reflections corrected for absorption (1) is 
typically 1.5 - 2.5 %. 

It has been · claimed that «weak» 
reflection intensities (I < 3CT) should not 

be neglected. However, in the samples 
investigated, these reflections have little 
weight and their number is small, so that 
they make no significant changes in the 
refined parameters. Rejection of «weak» 
reflections after averaging equivalent 
intensities appears to be more appropriate 
than if made at earlier stages of the data 
analysis. 

Possible sources of sistematic errors 
are : 

(i) the intensity variation of the 
main beam during the experiment 
(typical value: 2 % in 300 h), 
accounted for by periodically 
measuring a set of 4-6 standard 
reflections; 

(ii) misorientation of the crystal due 
to frequent movement of the 
diffractometer and goniometer 
axes ; this is avoided by checking 
the orientation of the sample 
every 120 measurements and 
automatically reorientating it 
when the direction of the scat­
tering vector differed by more 
than 10 % from that derivated 
from the UB matrix. 

(iii) the error arising from asymetric 
peak profiles ; this appeared to be 
more important when Ag - Ka 
radiation was used and was 
accounted for in any case by 
establishing sufficiently wide lim­
its for the scan width in order 
to include ali the peak. 

(1) A psi-scan absorption correction suggested 
by North and Phillips [10] was found to be pre­
ferable in ali cases to the usual path-length 
dependent correction which relies on an accurate 
definition of the crystal shape. 
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REFINEMENT PROCEDURES 

A least squares refinement of positional 
and harmonic anisotrapic thermal pa­
rameters as well as that of a scale fac­
tor is performed using high-order data 
(sine/,\ > 0.6 A-1). These reflection inten­
sities are less liable to be affected by 
extinction and by any deformation of the 
charge density distribution. 

The values of simultaneously refined 
parameters may be affected by correla­
tions. Their effect on the scale factor 
should not be neglected, although an errar 
on the scale factor is Jrnown to have a 
much smaller effect in the bond regions 
than in the vicinity of the atomic positions. 

The use of reliable high-order data 
- which are strongly dependent on ther­
mal vibrations - is expected to lower cor­
relations between different parameters. 

The scale factor has also been measured 
experimentally for severa! data sets with 
a prabable uncertainty of 4 %, arising 
mainly from the appraximate evaluation 
of the crystal volume. Nevertheless, the 
experimental values were found not to 
differ significantly from those refined with 
high arder data. This confirms that the 
latter values are not significantly cor­
related with other parameters. 

An empirical extinction parameter g is 
finally refined with all data by comparing 
the quantities Fobs and [Fcaic (1 + glca1c)-1] 

in a least-squares pracedure. 
Alternatively, a simultaneous refine­

ment of the mentioned parameters together 
with those describing the extinction and 
charge density models may be performed. 
This will be mentioned again later. 

Difference density maps are obtained 
from Fourier analysis of a set of 
(SFobs - Fcaic) , where SFobs are the 
observed structure factors on an absolute 
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se ale and F cale are the corresponding 
values derived from the refined parameters 
and Hartree-Fock scattering factors for 
the free a tom ( or ion), corrected for 
anomalous dispersion [11]. 

The importance of calculating errar 
maps should be stressed here. These, 
together with an estimate of the mean 
errar in the unit cell: 

enables the significance of the observed 
features on the difference density maps 
to be evaluated. 

MODELISATION OF CHARGE 
DENSITIES 

The interpretation of charge densities 
(either in real or in reciprocai space) is 
most conveniently made in terms of a 
parametric model; a small number of 
apprapriately chosen parameters may then 
be refined either independently from (or 
simultaneously with) structural parameters. 

The symmetry of the 3d electran dis­
tribution, as well as the translational 
praperties of the crystal symmetry, play 
an important role in simplifying the 
calculations. 

The experimental 3d charge density 
may be compared with that deduced from 
a one-electran wavefunction .p (r) written 
as a linear combination of 3d atomic 
orbitais ll'i (r): 

if; (r) = ~ ll'i (r) 
i 

(1) 
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each 'P i (r) being the product of a common 
radial function, R (r), and an angular 
function which is a linear combination o.f 
spherical harmonics: 

'P i (r) = R (r) ~ Y~ (A, cp) (2) 
m 

The 3d electron density may then be 
expressed as: 

p d = ~ O'.i 1 'Pi 1 
2 (3) 

However, since the structure factors are 
the Fourier components of the electron 
density 

p (r) 
1 

- ~ F (K) exp (iK · r) (4) 
VK 

the comparison of the observed density 
with a model density may be performed in 
terms of structure factors, which are the 
quantities directely observed in the exper­
iment. 

Scattering factors for the 'Pi can be 
simply evaluated by making use of the 
properties of the spherical harmonics, as 
shown by Schweitzer (1978) [12]. 

The total scattering factor, f (K), is 
then expressed as a linear combination of 
contributions from the appropriate d-or­
bitals: 

(5) 

Where a; represents the fractional 
occupancy of the d; orbital; each f; is 
expressed is terms of the radial integrais 
<jo>. < j2> and < j.> . ln order to obtain 
the corresponding structure factors from 
(5), only the appropriate geometrical fac­
tor and the correction for thermal motion 
have to be considered. 

The five-fold degeneracy of the levei 
L = 2 for 3d electrons in an isolated atom 
is totally or partially lifted by the local 
symmetry of the crystal field. This sym­
metry must be preserved by the com­
bination of atomic orbitais used to cal­
culate the total wavefunction 'Í' (r), (1). 

ln the case of rutile structures the 
crystalline environment of the transition 
metal ion is such that the ligand ions 
occupy the corners of a slightly deformed 
octahedron. The symmetry of the crystal 
field is therefore orthorhombic. The five 
3d orbitais referred to the axes in Fig. 2 
have the following angular wavefunctions: 

eg, - di; eg, - dx'-Y' ; t2g, - dxy ; 
t2g, - dxz ; t2g, - dyz 

The latter two are degenerate owing to 
symmetry requirements. 

ln Laves phases the local symmetry 
is different for distinct atomic positions. 
For two of them, the point group symmetry 
is trigonal: the d-atomic orbitais split into 
one singlet, Ag, , and two doubly degen­
erate, Eg, and Eg, , with wavefunctions: 

The charge density observed in the 
difference maps represents the Fourier 
transform of the differences between the 
observed structure factors and those cal­
culated for a spherical electron distribu­
tion (t.F hkl). 

Therefore, only the aspherical con­
tributions to the scattering factor, <h> 
and < j4 >, have to be considered to cal­
culate the «asphericah> structure factors, 
p asph 

hkl • 
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The parameters ai - appropriately 
constrained by symmetry and normalisa­
tion - are then least-squares refined by 
comparison of the ~Fhkt with the cor­
responding F~~~h. 

Alternatively, the charge density may 
be described in terms of a superposition of 
atomic densities each of which is a series 
expansion in real spherical harmonics 
(multipole functions): 

p (r) = Pc Pcore + Pv Pv X' 3 (Z', r) + 
! 

+ ~ Ri (X" r) ~ P1m + 
m = O 

where Pc , Pv and P1m + are the popula­
tion coefficients; the total number of elec­
trons associated with one atom is 
Pc + Pv + P00 , the core and valence den­
sities, p e and p v , are calculated from 
Hartree-Fock wavefunctions and the radial 
extent of Pv is governed by the adjustable 
parameter X'. [13]. 

Based on this description a set of struc­
ture factors may be calculated and com­
pared with the experimental observations. 

Thermal and position parameters, a 
scale factor, extinction parameters (domain 
size an mosaic spread) as well as the 
populations of the multipoles allowed by 
symmetry are then refined simultaneously, 
using all the observed data, and the 
least-squares program MOLL Y. The num­
ber of electrons outside an argon core may 
also be refined for each atom. 

GENERAL FEATURES OF DIFFERENCE 
DENSITIES 

Result thus obtained for rutile struc­
tures and Laves phases will be summarized 
and illustrated with a few examples. 
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ln order to avoid overinterpretation of 
the available data, only those features 
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Fig. 3 a), b) - Fourier difference maps for two 
crystals of FeF2 • Contours at 0.1 eA-~ . Sec­
tion [001] of the unit cell. Broken lines represent 
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which are consistently observed in charge 
densities from more than one crystal of 
the sarne material are assumed to evidence 
a «real» effect. ln all cases mentioned, 
complete data are available from meas­
urements (either preliminary or published) 
made in our Laboratory, although only a 
limited number of representative examples 
have been selected. 

a) Rutile structures 

The main feature observed on all dif­
ference maps is a negative density along 
the metal-ligand bond, corresponding to 
a depletion of charge density in that 
region; this can be seen on Figs. 3 a) and 
3 b) for two different crystals of FeF2 [14], 
as well as on Figs. 4, 5 and 6 a), for NiF2 , 

VF2 and MnF2. 

1 

1Á 

Fig. 3 e) - Fourier projection of the covalent 
magnetisation density in FeF 2 • Projection down 
[001]. Contours at 0.015 tJ'B A 2 • Broken lines 

represent negative contours. 

The results of magnetisation density 
measurements are also presented in terms 
of difference density maps for FeF2 {15] 
and MnF2 [16] in Figs. 3 c) and 6 b). Both 
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eA-3. Broken lines represent negative contours. 
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evidence a covalent transfer of magnetisa­
tion from the magnetic ion to the ligand. 
Bearing in mind the electronic structure 
of the 3d shell in Mn2+ and Fe2+, it appears 
that this loss of magnetisation density is 
compatible with the observed depletion of 
charge density (in the viccinity of the 
fluorine ion) along the bond direction. 

Such depletion is also compatible with 
the values obtained for the occupancy of 
the dz, orbital (Table 1) the quantum axis 
ZZ' being chosen along the metal-Jigand 

TABLE 1 - Occupancy of the dz2 orgital of the 
transition metal ion for different rutile structures. 
The two values mentioned for FeF 2 refer to 
different crystals selected from the sarne sample. 

VF2 MnF2 FeF2 NiF2 

dz, 0.10(8) 0.12(3) 0.20(2) 0.15(2) 
0.19(3) 0.17(3) 

direction. These show a common tendency 
to be lower than the value that would 
correspond to spherical symmetry (30 %) . 
ln some cases, the deviation is hardly 
significant as should be expected from the 
low R-factors for the spherical refinement 
(typically 1 %) . 

b) Laves phases 

Two features are consistently observed 
in hexagonal Laves phases: 

1 
(i) on the (00.1) at z = 4 section 

containing a triangle of Mn (Fe) 
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a 

atoms (Fig. 1 a), positive contours 
along the metal-metal directions 
and a negative density inside the 
triangle formed by such lines are 
observed (Fig. 7 a). This suggests 
a preference of the 3d elctrons 
for directions joining two nearest 
neighbours Mn or Fe, leaving a 
depletion along the lines bissecting 
the angles formed by the sides 
of each triangle. 

(ii) Negative density along the c-axis 
direction between two nearest Ti 

Fig. 7 - Fourier difference map for TiFe2• Contours 
at 0.1 eA-a. Broken lines represent negative 

contours 

a) Section [00 .1) of the unit cell at z = 1/ 4 
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Section [10.0) of the unit cell at x = 1/ 3 

atoms (Fig. 7 b); this can be inter­
preted as a «contraction» of the 
associated 3d charge density along 
these directions. 
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